(Proofsin Mathematics)

+»Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters
— VLADIMIR ARNOLD «

A.1.1 gffest (Introduction)

FHefl X, X q XI H &9 F¥d, 995 ®AF, HoF o Foud, foam qen giaumces
ey SR R, ST e, Fied qo FEees fad=m 1 Geheuiet o an
o 1g 9o 2

Tl &1 7o T w1 fag (ymif) w9 w1 fafa= fafat w faer w3

A.1.2 Sugfs =& 227 (What isa Proof?)

fopeft Iforeiar sher 1 SUufa ® AT 1 Tk STHA SHatae e €, Teeh Foish we
o siiferca o fepelt aRenfor g o foreft stfvpeia =n fanedt Ut @renr grr wwfore o6
&, fo@ frmfae fafy 9o $o saftafod 9ai gR1 haa ek arfehen Femt 1 wam
ek qol gfauifed feran ST gt =

TH YhR Ycish IUUT FmiTer qehl &1 ek et el 8, S o weieh i STt
IRereaTd den Frrehd B €) erfererat B9 fenel @rem w61 SE U gu qeal @ yorer dfa
5N fag w1 € g Ff-w T w did fag FA KT e SUF TGS dreA
%1 g T A Bl 81 3@ YR fordll wied o1 g & 1 9 Tttt weikia g
€, Hd: Woael SUUM eIl SIqcdel SudTd 9l s@eh Sifdiem Wedsh faty ® o
fg-fi &k B §, foeht ==t 9 &1 T 2

YeIeT IUUTH 98 Wied ®1 98 3YUrd 7, 9 wH @Y ¥u | yed qea 9 U &
e HT IYURT LA W B
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(i) Eem-dter ST (Approach) I8 i i Tk @l €, S YS9 el hicqd
Al T IR ek, Al , IR 91f qen qd gt |l i e
T Tk o framl & gam gw, fag R 9 o freed 1 gEif e @)

Frefafead 3geo W fa=r wifse:

SETET0T 13 )2 —5x+6=07 x=33 x=2¢

o 2 —5x+6=0 (fn ?)

= (x=3) (x—2) =0 (T =% & Jod sk d F&e W)

= X—3=0Ax—2=0 (Fymio a=d ab=0d9 a=0Ab=0,a,be REN)

= X—3+3=0+3% x—2+2=0+2 (FH®HT o A v&ll § THE G&N wieA
Y 3Th! Yhfa giafda F&l et 21)

= X+0=3ax+0=2 (I F 3HAFq YUk o deaHeh(Identity) o1 F
AN B)

= X=33x=2 (AN F 3Idq Yok o TTTEH 0T o AN R
X¥—bx+6=0=>x=3aTx=2

TET p UST HeH “x2—5x+6=0" 3R qfT=Fd FeA “x=3Ax=2" 2l

FAT poh AsTh X2 —5x+ 6 I, Tk qod Th 3 &Aoih (Xx—3) (x—2) ¥

Hicreentid Y oh B9 T TSR 114 (X —3) (X—2) = 0" WK Hd §

ZI%T?IFI‘FIW%

(i) =it (x—3) (X —2) TFE TR A5k X2 —5x + 6% THHA (qed) € ?

(i) fordt =i i U UM T 374 iorh 9 B0 % Wiaeenfud T Tehd € 250
T yorm i &9 fosel wanel ¥ [UEE gR fas FX g € g

X=BX+6=X—-3X—-2X+6=X(X=3)-2(x=3)=(x=3) (x—-2)
fedia w9 b o oY ®Y (qeb o o) g HwE g B

TGk IWIA r QARUT (Premise) I YA FUA B W@ ¢, fSH@ wod
S “X—3=0 Ax—2=0" 9l Bl B| Yeeh =0T (steps) 1 ST hisssh (brackets)
¥ e 2
¢ kel TR o9 ook =erdt Tl € e b e 3ifqn ekt W el uge W g

Teh ®1 UclichlcHR HEeddl (A gR Ie v % B ® R p = g
A Bl

PY URY Tk F7MH 5 p=r = Ss= ... = q & I HIGQ 7a:
“p= ' TA Bl




nford & Syufeal 267
IETET0T 2 TiHg T &1 ®er f: R— RS f(x) = 2x + 55N TRAIG 2, T Toheh!
(one-one) ®eH ®
Syuta e S o wer f wshshl ' ARk f(x) =f(x) = X, =X,
(ThhT e 1 afm)
e 7H Sty foh f(x) = f(x) el 2x+5=2x,+5

= 2x+5-5=2x,+5-5 (A w&l ¥ §HA HeA Sigd )

= 2x+0=2x,+0

- 2x, = 2x, (Srfaes Hemetl § A acHe 1 T0)
. 2 % = 2 x, (3 e 1 e e i 4 P 4 )
= X, =X,

3Td: e THA! T

(i) Tt SmTES

Tforta ST, |l i fag w1 uw o fafa 2, fme @y fmts

g 21 =9 fafy o Syt quiedor frefafea sifrRa w erenfa e €

N o T& U&d SU9g=ad SH, 9%
(i) 9mpd "& 1e ST
(i) uepd @ k+1e S¥& &+t ke S,AS=N

Tforde ST < fagid 78 © T =% T s “S(n), n= 1 fog 5 &7 (e
et a1 R wem j o foy @ ®) iR A e n=kh fau oo g1 # a'
fatifed € foF a8 n=k+ 1% fog sifama: g € (S &9t o7 ok k> j), @ wew
wHo fRelt off o quies n, 5&T n> | o fau T @ 2

39 B FD I o 2

cosO sno

cosn® snnod
-sin® cosH

-snn® cosnHd

ﬁwsaﬁA:[ } a‘fﬁ@wﬁAnz[

cosn® snnod
-sn n® cosnHd

79[ fa=n Tk P(n):Anz[
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cosO sno
-sin® cosH

W 3@ ¢ fw P(l):Alz{
31d: P(1) 9 2|
3 AWM T T P(K) o €, steiq

) cosk® snk®o
P(k) - A% = —sink ® cosk 0

@ & T wE WEd € R Pk + 1) 9 ®, S el P(k) 9 ®, @reifq

cos(k+1)6 sin(k+1)6
—sin(k +1)0 cos (k +1) 6 wA

'3:[: Akl = Ak A
ifh P(k) ¥ €, gEfag

[ cosk® sink® cos6 sno@
| —sink6 cosk®© —-sin® cos O

P(k + 1) : Akt = {

Ak+1 =

[ cosk B cosO—sinkOsino cosk OsinO +sink 6 cosd
-sink0®cosO—-coskOsin® —sinkOsin®+ cosk 0 cosd

(STT=gE TOT 51)

_[cos(k+16 sin(k+1)6
| -sin(k +1)0 cos (k+1)0

a: Pk + 1) ¥ B, 5 &t P(K) ¥ 2l
#FAUE P(n), N Gl A (e quiiR) ok few @ 2
(i) Tafw= feafaa o fames grr srgar f:9woT grr Suufa

FHeH p=> qH g HW H1 9 faf haet qft G9a ®, S p i 3w el
r,st (mm)ﬁﬁ@mmmwﬁéwﬁp:rv Sv t(\_ﬂﬁ“v"'ﬂ?ﬂaﬁ_
2 v % for)
afs gufaas wem r= q;

S= (,

qen t= q



o § Syafaal 269

1 gEoT fopan ST, @ (r v s v t) = q, fag W ® SR 3@ YRR p= q
HITTG B 2

=@ fafy o uferedm &1 yoie G9a <0 1 Siten s @1 7e fafy seeifis w9
Y wheel vl Gaue © W foEued gR Wa el w1 GEN %9 el
saEwor 4 foedt s ABC, ¥ fag wifvg f

a= bcosC+ccosB

T 9H oifoT fom phed “ABC Tk B35S € ” qen g e

“a= bcosC+ccosB” &

M ST fF ABCT& sl 21 3 A & BC (STeRT&HAIER 98K T) T a4
AD Hifau]

=8 96 2 R Tk S A @ AR s A aifushehion sget a1 gk ion g
Bl €, SEMTY 8H phl 1, sT t 4 ferafiea &Y ¥ehd ®, Sl

r:ABCT& =i few 8, fad £ C =i €

s:ABC T aifushenior el 8, foraw /2 C stferperion 21

t: ABC U wHahIvl s 2, e £ C e 2
3Td: T WIEA hi ST Al HHEISH o foTy Ster-eter fig W €
M (i) 58 LA, £ B, £ CHHl & <ol § (SMehfa Al.l)
Taa B9qs ADB, g0

BD

E =cosB A
3TeMq BD = AB cosB =ccosB
TH st ADC g1 . 5
o _ o
AC - Cos
3TeMq CD=ACcosC . ] .
=bcosC ) ‘ P )
3TeRfd A1.1
3q a=BD +CD

=ccosB +bcosC - ()
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9T (i) w16 £ C Siferrepior & (Mehfa AL.2)

THa s ADB g1
BD
B =cosB
ERIG| BD = AB cos B
=ccosB

CD
—— =cos £ ACD

——— e e e e e = - —— >

ml
=)

AC B a C
=cos (180-C)
s C STTeRTd A1.2
A CD=-ACcosC
=—bcosC
3Ad a=BC=BD-CD
37eMiq a=ccosB—(—bcosC)
a=ccosB +bcosC - (2
2300 (iji) S8 £ CEHHI0 & (3Mepfa AL3) A
YT ACB, g1
BC
E=COSB . ,
3 BC = AB cos B
qaen a=ccosB,
bcosC=bcos90°=0 H
1d: g9 fora g € a=0+ccosB B a C
=bcosC +ccosB ST A1.3

GHfteRYuT (1), (2) 72 (3) W B9 uW ®, T frelht frqw ABCH
a=bcosC+ccosB

9T (i) 9 r = qyEIE 2

9 (i) ¥ s= q THIvE 2

qAq I (iii) ¥ t = q ¥ 2

IqA: (r v S v t)=qUHEE B Ffq p= qymIiE 2,

e
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el SUUfe: U MU e i WY Y 3 oF TaS H, 89 SUoh 9Hqed
et T 1 fag FTh, RT AeA T WHIE H 7
(i) ferenfem gRT Suufe (Reductio Ad Absurdum):

el B 3 Wl W R i € foh qRened wer ® qen frend o B qek o

i o wE 5N e 3 Tk W ugEd ® TR Uk o W he, oA ®, Sl U

foeifem €1 o1: Ued weM 9 § 39 fafy & Tk 3@ 5N gHe 2
SaTET0T 5 G T w1 g=eg Saifaa (Infinite) gl €1
o1 O oifery for wee st w@emst (Prime Numbers) &1 @q==d PR S e1aRfd
21 81 39 e o 79 (Negation) o, 31eiid TH& 1953 Sl o Sq==a Tufifid
T ®, I WA o €, 21 qee 19T Sesti w1 geee qiihd B sufie e e
S Femsl 1 gAas # Thd §| AW S fF P, P, P,,..., P 9 31
et w g q) o W e

N=(P,P,P...P) +1 ()

T ? R N e1wma gemsti 1 gt o 76 %, Fife ae = &1 R o e
g st 2
N =1 dl 199 G ® 1 9 GE 2

Ifg N 199 e € df (1) ¥ T el @ o T U 19 g &1 et
?, S = o 7 2

T R, A N T g G §, dl SHeh1 8 ¥ & Th 9T i (Divisor)
B =few) W gE 1 g ff wen N fafa (qoien @) 7@ %% gl €, s
S99 et o g1 N i fawiiSia e W SIThel Hed | Sear 1 exd: N Rl AR
ISTeh gt o SAfdiie whig o e B
g 78, T8 FoH 1 fF T Tl 1T Hemet & G o ot €, TRt 7
TH YRR AR JHURN o Gl ey TEme w1 9w uifid €, o R

3d: Gt A9 e 1 W=g IR Bl 2

(oA ST o Swdea syufa o fafe=r qonedl o fomve g sudf
1 fare s suEn o )

(i) wE< S T GfdeMTHes (contrapositive) e o WANT gRT SUUfd:
78l Fufqdsy woM p= qH 95 FH o TUME W 89 Sk GAqed HeH
~q= ~p® fag *w & (famnel Tagesar &1 genfyq X g6d ) |

fordlt feu gu wufaeer wem o skt qen uReea &1 fafaa weh 379 9 qis &1

oY 0 9 989 FUT 1 GIAUAHS HA a9d 2
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SaTeTUT 6 g HI f f(X) = 2x+ 5 gR1 IR e f: R — R Teheh! Hed 2l

T HE Tohdh! B 7, AR F(x) = F(x,) = X, = X,
THHT TN HIh B THIU B T fH 2+ 5=2x,+5 =X =x," T p=q,h
®Y F1 T, ST 2x+5=2x,+5FUA pT qA X, =X, H 7| T 1 Bl TH S
2 ® “yoaw fafa” gm0 fag R I R

TH TH USd Y o UMAuAHS HUF & YA g gHivd s gehd ¢ fRu T
FHUT F UAUEIHR FUH ~q = ~ p ¥, FU AR F(x) =f(x) qx =x H
TfaeATR ® AR xz x, @ F(x) = f(x)”

39 X, #X,
= 2%, # 2X,
= 2X+5#2x,+5

= f(x) #f(x,).
Fi “~ = ~ P, S “p=> " T ¥, T IR IO T 2
SaTET0T 7 I i f “afg emegE A, Invertible €, @ A, Non-singular 2"
T STYF HUF HI YdiehTcH® &Y § fela | p= q &I pHeF “3TE A, invertible
& a g¥d “A, non-singular 2P

Y& Ko I YHITU F o TaS § 89 9ok YduHIcHS o i JHIE i 7,
1effq XA T non-singular 3T=IE &l €, df T=g8 Ainvertible =& 1
Ifg A TH non-singular 2T=T8 &l 2 df qaht 31 g1 |A| = 0|
aﬁi'lo‘ 1 sifre Tl €, iR |[A|=0
3T A, Invertible T 21

9 YR O I8 YA R 5o fF afg A Tk non-singular e T i A,
invertible =&t ?1 31efq ~q = ~p.
1d: 9% T IR A invertible #, @ A non-singular 21
(iii) UIETEIT (counter example) gRT 3Uufw:

Tfora % sfder | T8 e oft o €, S fRdt uRefoud ARt w1 9y

IYAFA TG L o G A STHES B S § AN YR IHI oh HIHH hi
sifafadar sifoffa ot wd 2

o feofa & o7 ovus € TR, e i o fag %6 o foy, g0 T S
3 Toh| fordl oM 1 ST I A IIER0T FegSTedl HEeldl 2|

EEl A=
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Hifer WA p= T GeA, WA ~ (p = ) HI heel A Teh SUUM el 21 37
g off Suufa &1 T fafyr 2

SATETUT 8 HeM: Tk ne Noh fag, (o2 + 1) T FAT G 2
7g HoA Frefafad Jeon & YR W Th 99T T HST T ol
S?+1=22+ 1=5% f& T 99 ¥ 2
02 +1=20+1= 17 foF 199 wem 2
02 +1=20+1=257 foF TH 194 T
Tafa, gom 3fic o g8 saruwiso Ot gdia g @1 stddTen e yfquifed
fFan T R 27 + 1= 2% + 1 = 4204967297 TF SIS W@ AE § HifE
4294967297 = 641 x 6700417 | Sl < H@3T 1 UGS € (1 T T4 o Al
30 YhN I8 SATTHIHU o “Tdd noh g 22" + 1Tk 3199 §&1 & Vne N
ITEA B
TS shelel 98 Teh SR T 2% + 1 A9 el €, ol SEIE0] ST 0] i Gied
F o fau v 2
31 g9 fag =R fGn fF Fom “U® ne N& fau, 22" + 1% 199 S
2" W T 2
IETETOT 9 HUA “ Y Fad Ted Adeed Bid g1” W faEr it
suufa: gn fefafed wer W faer o 8
i) f=x
(i) g =¢
(i) h(x) =sinx
3 geft wer x o Gl qH & forT Haa €1 Afg g9 sresherad W faer A
x o Gt g % fau srasmera &1 ae e 39 favarm o forg uftd s © f s
‘Yo Gad wed STashad B B W 21 fohg Ak g9 wer “o(X) = [x|T w1
SHehHIIA 1 e Y, S foh Had €, @ 89 2@d € o T8 x= 0 W feherd Tal
B THHT AT € g3 o HeH “ edeh Had el SaeherE el 8" 3TEed 81 we
“O(X) = |X|" T R FE Teh I, AU IHN hl T i o fow gt 21 o
T “0(X) = |x|" I T T wmer srerid, ‘e Had B s gl 217 ok
e HT YIS Fed T
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